In this paper we disprove a conjecture about numerators of divided Bernoulli numbers B n /n and B n /n(n − 1) which was suggested by Roland Bacher. We give some counterexamples. Finally, we extend the results to the general case.
Introduction
Let B n be the n-th Bernoulli number with n ≥ 0. They are defined by the power series
where all numbers B n are zero with odd index n > 1. Therefore, we will consider only even indices concerning Bernoulli numbers. These numbers play an important role in several topics in mathematics. Here, we are interested in the numbers B n n and B n n(n − 1) which occur, e.g., in approximation formulas of harmonic numbers H n resp. Stirling's approximation of log Γ(x), see [GKP94, . Now, we need some basic facts about Bernoulli numbers which can be found in [IR90, Chapter 15] . In 1850 Kummer introduced the following definition. Then p is called an irregular prime if i(p) > 0, otherwise p is a regular prime.
Let ϕ be the Euler ϕ-function, then the classical Kummer congruences state for n, n ′ even, p prime, and p − 1 ∤ n B n n ≡ B n ′ n ′ (mod p) (1.1) with n ≡ n ′ (mod ϕ(p)). An easy consequence of the Kummer congruences supplies that the numerator of B n /n consists only of irregular primes and that infinitely many irregular primes exist. Let (p, l) be an irregular pair. Using congruence (1.1) provides for all k ∈ N 0 p | B l+kϕ(p) /(l + kϕ(p)) .
(1.
2)
The following conjecture about numerators of B n /n and B n /n(n − 1) was suggested by 
Actually, let p n be the n-th irregular prime, then A(p n )/2 gives Integer Sequence A092291.
Counterexamples
Because the conjecture does not cover all irregular pairs, we will extend our research to all of them. Note that for example (157, 62) and (157, 110) are irregular pairs and the index of irregularity is i(157) = 2.
Theorem 2.1 Let (p, l) be an irregular pair. Define
is valid and has smallest possible value if and only if one of the following cases holds
(1) l − 1 has no irregular prime factors.
(2) If q is an irregular prime divisor of l − 1, then q ∤ B (l−1)p+1 /((l − 1)p + 1).
Proof. First of all, we will prove that A(p) = (l − 1)p + 1 is the smallest possible value. To solve
factor m − 1 must have the form m − 1 = pc with some integer c to reduce the p-power of the second numerator. In other words, we must have
with some integer s ≥ 1. Let m ′ be the smallest possible value we are searching for. By (1.2) we then have m ′ = l + k(p − 1) and m ′ − 1 = pc. This yields
By definition we have 1 < l < p − 2. Thus, k = l − 1 is the smallest possible value and finally 
But this conjecture is not valid. We have done some calculations for all irregular pairs (p, l) with p < 1 000 000 using a database of irregular pairs calculated in [BCE + 01]. There are 39 181 irregular pairs all together, 16 540 of them have irregular prime divisors of the corresponding l − 1 and 149 exceptions occur.
The first five exceptions and the last calculated exception are listed below. Note that there are two irregular pairs (6449, 4884) and (6449, 5830). But the first of them disproves the suggested conjecture with minimal l = 4884. The smallest index for which such an exception occurs is 7 610 864. This index is the smallest of our calculated exceptions. For irregular pairs (p, l) with p > 1 000 000 we obtain index m = (l − 1)p + 1 > 37 · 10 6 for a possible exception, because 37 is the first irregular prime.
Extending results to prime powers
In order to extend the results to irregular prime powers, we need some further definitions and generalization. First, the Kummer congruences generally state for r ≥ 1, n, n ′ even, p prime, and p − 1 ∤ n
The definition of irregular pairs can be extended to irregular prime powers which was first introduced by the author [Kel02, Section 2.5], see also [Kel04] for details and new results. Here we will recall necessary facts.
be the set of irregular pairs of order n. For a prime p the index of irregular pairs of order n is defined by
be the p-adic notation of (p, l) with 0 ≤ s ν < p for ν = 1, . . . , n and 2 | s 1 , 2 ≤ s 1 ≤ p−3.
The corresponding set will be denoted as Ψ irr n . The pairs (p, l) and (p, s 1 , s 2 , . . . , s n ) will be called associated. Define for an irregular pair (p, l)
Note that this definition includes for n = 1 the usual definition of irregular pairs with i(p) = i 1 (p). By Kummer congruences (3.1) the interval [2, ϕ(p n ) − 2] is given for irregular pairs of order n if they exist. Moreover, we have the property that if 
So far, no irregular pair (p, l) with ∆ (p,l) = 0 has been found for p < 12 000 000 by calculations in [BCE + 01] . Because the case ∆ (p,l) = 0 would imply a strange behavior, it is conjectured that this will never happen. (2) If q is an irregular prime divisor of l−1, then all irregular pairs (q, l ′ ) must satisfy
Lemma 3.4 Let n ≥ 1 and s 1 , . . . , s n+1 be integers with 0 ≤ s ν < p for all ν = 1, . . . , n + 1. If
Proof. Reordering terms yields
which deduces the result p-adically by induction. Keeping in mind that l r = r ν=1 s ν ϕ(p ν−1 ) < ϕ(p r ), we obtain 0 < l r − 1 = p r−1 t < p r−1 (p − 1) with 0 < t < p − 1. Rewriting (3.3) we get
which provides k ≡ t (mod p) and finally k = t as smallest value. Note that l = s 1 and 2 ≤ l ≤ p − 3. Now, using Lemma 3.4 with l r − 1 = tp r−1 yields s 1 − 1 = s2 = . . . = s r = t. Thus, we derive the following conditions (p, s 1 , s 2 , . . . , s r ) = (p, l, l − 1, . . . , l − 1) and l r − 1 = (l − 1)p r−1 .
After all, we obtain
To avoid that an irregular prime divisor q of the remaining factor l − 1 of m ′ − 1 divides
for all irregular pairs (q, l ′ ). Then A(p r ) is valid with the derived value.
Corollary 3.5 Let (p, l) be an irregular pair with ∆ (p,l) = 0. Let r ≥ 2 be an integer, (p, s 1 , . . . , s r ) ∈ Ψ irr r , and A(p r ) be defined as in Theorem 3.3. Assume (p, s 1 , s 2 , . . . , s r ) = (p, l, l − 1, . . . , l − 1) then A(p u ) related to (p, l) has no solution for all u ≥ r.
Proof. As a result of Theorem 3.2, if ∆ (p,l) = 0 then a unique sequence (s ν ) ν≥1 exists that describes all irregular pairs of higher order related to (p, l). Then one has (p, s 1 , . . . , s r , . . . , s u ) = (p, l, l − 1, . . . , l − 1) for all u > r.
The condition (p, s 1 , s 2 , . . . , s r ) = (p, l, l − 1, . . . , l − 1) is a very strange condition. No such irregular pair (p, s 1 , s 2 ) ∈ Ψ irr 2 of order two with s 2 = s 1 − 1 has been found yet. For irregular primes p < 1000 the smallest difference |s 1 − s 2 | is 4 which happens for the following elements Therefore A(p r ) has no solution for p < 1000 and r ≥ 2. Calculated irregular pairs of order 10 for p < 1000 can be found in [Kel04,  Remark 3.6 Although the more complicated case ∆ (p,l) = 0 should not happen, Theorem 3.3 is also valid in that case. We only need an irregular pair (p, l r ) ∈ Ψ irr r and its associated pair (p, s 1 , . . . , s r ) ∈ Ψ irr r which are related to (p, l). Corollary 3.5 remains to be valid in a similar way. A strong condition must hold that further irregular pairs of order r + 1 related to (p, l r ) exist. In case of existence they all have the form (p, s 1 , . . . , s r , t) ∈ Ψ irr r+1 with 0 ≤ t < p, see [Kel04, Theorem 3.2, p. 8].
The composite case
For completeness we will examine the composite case. For now, we will recognize composite integers c c = n ν=1 p eν ν having only irregular primes p ν in its factorization with n > 1. Therefore, p will only denote irregular primes. To determine the minimal index of the composite case, define
in case of no solution define Λ(c) = ∞. Then, by Theorem 2.1, we always have Regarding estimate (4.1) for prime powers above and using Lemma 4.1, for now, we only have to examine composite numbers which are squarefree. Therefore, define the minimal value of Λ for composite squarefree numbers having n ≥ 2 irregular prime factors by M n = min
Then, by definition we obviously have
For further results we need the well-known Chinese remainder theorem (CRT), s. [IR90, p. 34], and its generalization. 
there always exists a unique integer x (mod W ) with
and b ν defined by holds for all i = j. Define W = lcm(w 1 , . . . , w n ), then x has a unique solution (mod W ).
To state our next theorem, we will introduce a new definition to characterize a set of irregular pairs.
Definition 4.4 Irregular pairs (p 1 , l 1 ), . . . , (p n , l n ) are called friendly if
is valid for all i = j. They are called strong friendly if, in addition,
holds for all i = j. 
whereas S passes all such sets of strong friendly irregular pairs.
Proof. To derive conditions let m be an integer solving
Thus, c | B m /m and c | m − 1 provide the existence of irregular pairs (p ν , l ν ) with
for ν = 1, . . . , n. The system (4.3) of simultaneous congruences has only a solution if conditions of CRT' are satisfied. Therefore we have to recognize two cases
which must be valid for all i = j. The first congruence of (4.4) implies that all considered irregular pairs must be friendly. Additionally by the second congruence they must be strong friendly. This property must hold for a solution and defines set S. Combining (4.3) by CRT, we get m − 1 ≡ p ν (l ν − 1) (mod p ν (p ν − 1)) , ν = 1, . . . , n . p 1 − 1) , . . . , p n (p n − 1)), then system (4.3) resp. (4.5) has a unique solution (mod W ) by CRT' and given set S. Taking 1, . . . , W as residue classes, we obtain a minimal solution m S − 1 with the desired properties. If i(p ν ) ≥ 2 holds for one index ν, then probably other sets S can exist corresponding to irregular primes p 1 , . . . , p n . Therefore all such sets must be considered to get Λ(c) = min S m S .
Theorem 4.5 implies the following easy algorithm. for all irregular pairs (p, l). Then ord p h(Q(µ p n )) = i(p) n is valid for all n ≥ 1.
Buhler, Crandall, Ernvall, Metsänkylä, and Shokrollahi [BCE + 01] have calculated not only irregular pairs, but also associated cyclotomic invariants up to p < 12 000 000. These calculations ensure that no irregular pair (p, l, l − 1) ∈ Ψ irr 2 exists in that range. Therefore we have a much stronger estimate than (4.1) Λ(p r ) > 1.729 · 10 15 which can be obviously improved by choosing a greater value l > 12 examining the numerators of the first divided Bernoulli numbers B m /m.
